The dispersion relation of ultracold atoms in variably shaped optical lattices can be tuned to resemble that of a relativistic particle, i.e. be linear instead of the usual nonrelativistic quadratic dispersion relation of a free atom. Cold atoms in such a lattice can be used to carry out quantum simulations of relativistic wave equation predictions. We begin this article by describing a Raman technique that allows to selectively load atoms into a desired Bloch band of the lattice near a band crossing. Subsequently, we review two recent experiments with quasirelativistic rubidium atoms in a bichromatic lattice, demonstrating the analogs of Klein tunneling and Veselago lensing with ultracold atoms respectively.
has been proposed with ultracold atoms of temperatures in the nano-Kelvin range [7] .
Experimentally, the analog of Klein tunneling has been observed in solid state physics systems, as graphene [5, 8] . Other systems for the observation of quasirelativistic effects are ions in Paul traps [6, 9] , see also work relating to photonic structures [10, 11] and dark state media [12] . Here we are interested in ultracold atoms for quantum simulation of relativistic physics predictions.
We review an experiment demonstrating the analog of Klein tunneling with ultracold atoms [13] .
More recently, Dirac points have been generated in a two-dimensional lattice with fermionic atoms [14] and the analog of Zitterbewegung has been observed [15] . We also review a more recent demonstration of Veselago lensing for matter waves carried out in our group [16] , an effect where a spatially diverging pencil of rays is focused to a spatially converging one using negative refraction.
The experimental realization is also performed using ultracold atoms in the lattice. Further, we describe a method to selectively load atoms into certain Bloch bands of an optical lattice near an avoided crossing using a sequence of two simultaneously performed Bragg pulses with well defined relative phase.
The paper is organized as follows. We begin in section 2 by introducing the general background of our experiments relying on cold rubidium atoms in a bichromatic optical lattice. We derive an effective Hamiltonian for the cold atoms in the lattice that resembles a one-dimensional Dirac Hamiltonian. We next describe a method to phase selectively load into Bloch bands. Section 4 then describes experimental results demonstrating the analog of Klein tunneling with cold atoms in the lattice, while section 5 gives results on the realisation of an 1D Veselago lens. Finally, section 6 gives conclusions and an outlook.
II. EXPERIMENTAL BACKGROUND A. Experimental sequence
Our experiment is based on ultracold rubidium atoms in a Fourier synthesized optical lattice potential, which allows to tailor the dispersion relation. Initially, a Bose-Einstein condensate of rubidium atoms ( 87 Rb) is created by evaporative cooling of atoms in a far detuned optical dipole trap. During the final stage of evaporative cooling, an additional magnetic field gradient is used to selectively prepare the atoms in the |F = 1, m F = 0 Zeeman state. Subsequently the dipole trapping potential is switched off. Next, the optical lattice potential (and in some experiments also additional, spatially slowly varying dipole potentials) are switched on and the system evolves with Zeeman state of atoms can be analysed by either applying a Stern-Gerlach force with a magnetic field gradient, which allows one to spatially resolve atoms in the different Zeeman states in a far field time-of-flight measurement, or by using a Zeeman state-selective microwave π-pulse which transfers the atoms from the |F = 1, m F to the |F = 2, m F hyperfine state and subsequently recording a shadow image on a CCD-camera with a laser beam pulse tuned to the F = 2 → F = 3 hyperfine component of the Rubidium D2-line.
B. Fourier synthesized optical lattices
A one-dimensional biharmonic lattice potential is imprinted to the ultracold rubidium atoms [17] .
For the fundamental spatial frequency of the variable lattice, we use a usual standing wave lattice of spatial periodicity λ/2, generated by two counterpropagating beams of same optical frequency ω.
Here λ denotes the wavelength of the driving laser beam. Higher order harmonics are accessable by multiphoton Raman processes [17] . We here make use of a four-photon Raman process, as realized with a set of two copropagating beams of frequencies ω + ∆ω and ω − ∆ω respectively and a counterpropagating beam of frequency ω in a three-level scheme with two stable ground states |g 0 and |g 1 and an electronically excited manifold |e , see Fig. 1A . The dispersion of the induced four-photon processes generates a lattice potential of spatial periodicity λ/4. By superimposing lattice potentials with spatial periodicities λ/2 and λ/4 respectively with a suitable relative phase between lattice harmonics, both spatially symmetric and asymmetric Fourier synthesized lattice potentials can be generated. All required optical frequencies to synthesize the variable lattice are derived from a single laser source with wavelength detuned 3 nm to the red of the rubidium D2-line.
C. Band structure and relativistic energy dispersion
The dynamics of ultracold atoms in a bichromatic optical lattice along the z-direction is described by the Hamiltonian
where κ = 2π/λ corresponds to the optical wave vector, m is the rubidium atomic mass, V 1,2 denote the potential depths and φ the relative phase between the harmonics of the lattice potentials with spatial periodicities λ/2 and λ/4, respectively. In addition, we allow for a spatially slowly varying potential V z (z) as can be e.g. be imprinted by an additional dipole trapping beam, a magnetic field gradient or in the atomic rest frame by a slow acceleration of the optical lattice. Solving the stationary Schrödinger equation
is done using a Bloch ansatz, which reduces the problem to the eigenvalue equation
with H i,j denoting the corresponding Hamiltonian in matrix form. When we restrict ourselves to the ground and the first two excited Bloch bands, the Hamiltonian reads where E r = ( κ) 2 /2m denotes the atomic recoil energy. As shown in [13] , in vicinity of the avoided crossing between the first and second excited Bloch bands, the ground band can be adiabatically eliminated. After a basis transformation, the effective Hamiltonian can be written as
with the Pauli matrices σ i , an effective speed of light c eff = 2 κ/m ≈ 11 mm/s, and an effective mass which is given as
Here, ∆E denotes the energy splitting between the first two excited Bloch bands, which is determined by the lattice parameters V 1,2 and φ. For ∆E = 0, the effective Hamiltonian H eff of eq. (5) shows that the dispersion near the crossing is linear, see also 
III. PHASE-DEPENDENT DIABATIC LOADING INTO BLOCH STATES
We next describe experiments investigating the selective loading of atoms into a desired Bloch state near a band crossing. We restrict ourself to the first two excited Bloch bands of the rubidium atomic lattice system, assuming that the lattice is not too deep such that coupling to other bands near a crossing of these two bands is small. The eigenstates of these two bands can now be expressed in terms of the eigenstates |−2 κ and |+2 κ of the free atom. When diagonalizing the effective Hamiltonian (5) assuming a finite size energy gap ∆E = 0 one readily finds
where the mixing angle θ is given by
One way to selectively load atoms into the upper (|+ ) or lower (|− ) eigenstate is to initially load the atoms into one band far from the crossing, where the mixing angle between the two bands is small and selective loading can be achieved since a free atomic eigenstate of certain momentum has almost full overlap with an eigenstate in the lattice (again, we assume a not too deep lattice).
Subsequently, the atomic population can be transferred adiabatically, e.g. by corresponding slow acceleration of the lattice, into the region of the crossing (see e.g. [13] ).
In this section, we describe a method to diabatically load into the eigenstates of the lattice by transferring atoms initially in the ground band to a desired upper band near a crossing by simultaneously imparting two Bragg pulses to the atoms, each of which resonantly couple ground band atoms (in state |0 ) to the eigenstates |−2 κ and |+2 κ respectively. For equal pulse areas of both pulses and a relative phase ϕ of the two Bragg pulses, the part of the atomic wavefunction left in the two upper Bloch bands is in the coherent superposition
The overlap of |ψ to the eigenstates |+ and |− (7, 8) now determines the loading efficiency into the two corresponding Bloch bands, and a suitable choice of the relative phase ϕ of the two Bragg pulses can be used as a mean to control the relative population of the lattice eigenstates |+ and |− .
To determine which of the two eigenstates |± is populated, we perform an adiabatic acceleration to 0.5 k away from the energy band crossing and then determine the atomic momentum distribution by a time-of-flight technique. For atoms in the upper excited Bloch band (asuming a small splitting) this will then lead to a population of the |+2 k momentum state, while atoms in the lower excited Bloch band will be rotated to |−2 k . Fig. 2A shows experimental results for the dependency of the relative eigenstate population on the phase ϕ between the two Bragg pulses. This experiment was carried out only with a four-photon lattice present, i.e. without the presence of a standing wave lattice potential, and the lattice depth of the four-photon lattice was ≈ 1.0 E r . The observed relative population of the |±2 κ states shows a sinusoidal dependence on the phase ϕ, as expected. The observed finite contrast of the sinusoidal variation is attributed to remaining coupling to other bands, the finite initial momentum width of the atomic sample, and the limited Rabi frequencies of the Bragg pulses.
In a further experiment, we have included an additional, variable holding time before accelerating away from the band crossing and performing time-of-flight imaging for detection to verify whether the two superimposed Bragg pulses leave the atoms in an eigenstate of the system. Fig. 2B shows the observed dependence of the relative population on the holding time. For the shown parameter range below 1 ms, the relative population of the Bloch states remains constant, as expected for an eigenstate. For longer holding times, we observe atom loss attributed to spontaneous scattering from the lattice beams, which prohibits further detailed investigations.
IV. KLEIN TUNNELING
Non-relativistic quantum tunneling corresponds to the effect that a particle is able to penetrate a potential barrier which is not surmountable in the classical case with an exponential loss of the probability amplitude. For relativistic particles, on the other hand, also penetration of a barrier without this exponential damping is possible. This effect, as predicted by Klein [2] , occurs when a strong potential, being repulsive for particles and attractive for antiparticles, results in particle and antiparticle states matching in energy across the barrier. This allows for a high transmission probability, when a potential drop of the order of the particle rest energy mc 2 is achieved over the Compton length h/mc. Here we describe an experiment observing the analog of Klein tunneling for cold atoms [13] , where an optical lattice is used to imprint a relativistic dispersion relation. In other words, we perform a quantum simulation of a relativistic wave equation prediction. As in other low energy realizations, as in solid state analogons as graphene [5, 8] or in ion traps [6] , the basic idea here is that the linear dispersion corresponds to an effective speed of light many orders of magnitude below c, which decreases the required potential drop.
For the dispersion imprinted by our bichromatic optical lattice potential for cold atoms, see section Our experimental sequence begins by initially accelerating atoms after condensate preparation to an initial momentum of 2.9 k, which allows to load atoms into the second excited Bloch band of the lattice. This desired value of the momentum is achieved by initially leaving the atoms in free fall in the absence of a lattice potential until due to the earth gravitational acceleration the momentum has increased to 0.9 k, after which a Raman pulse imparts an additional 2 k momentum increasing the atomic momentum to the desired value. Then, optical lattice and dipole trap potential are switched on and the atoms move towards the potential barrier. above the crossing, correspond to particle-like excitation, in the below lying band of negative energy to a particle-like excitation of negative energy, being equivalent to a temporally forward propagating antiparticle excitation [18] . the other hand the potential barrier is too shallow, atoms are able to leave the trap regardless of the energy dispersion relation. The blue dots are data for φ = π, corresponding to a relativistic dispersion, for which the signal remains at a high, near constant value within the white region, illustrating the prediction of Klein tunneling not depending on the barrier height. In contrast, for φ = 0 (green dots), corresponding to the 'nonrelativistic' case, the signal decreases with increasing barrier height. Quantum tunneling here remains neglible due to the large width of the barrier, but the finite width of the kinetic atomic energy distribution here softens the otherwise expected sharp drop for E < V b .
V. VESELAGO LENSING
Veselago lensing is an imaging technique based on the refraction of rays during the transition from positive to negative refractive index materials. In this situation, negative refraction occurs.
For electromagnetic waves a negative index of refraction can be realized e.g. in metamaterials,
where the electric and magnetic properties can be taylored with below wavelength size structures.
In negative index materials optical wave propagation is reversed, and a slab of such a material can focus a diverging pencil of rays into a spatially converging one, forming a Veselago lens [19] , see Fig. 5A . This imaging technique strikingly differs from conventional, positive refractive index optics, where curved surfaces bend the rays to form an image of an object. For the latter, see also published work on the lensing of atomic matter waves with optical potentials imprinting a quadratic dispersion [20, 21] . Pendry has shown that the spatial resolution of a Veselago lens is not limited by the usual diffraction limit, because it can restore the evanescent waves [22] . Veselago lensing has been proposed for matter waves, graphene material [23] , and dark state media [12] respectively, though no corresponding realizations have been reported. The essential ingredient of a Veselago lens is a relativistic (i.e. linear) dispersion relation, an issue that closely connects the here described work to the ones earlier discussed in this article.
In our experiment, Veselago lensing for matter waves is demonstrated using ultracold rubidium atoms in the bichromatic lattice potential with a linear dispersion relation near the crossing of the first and the second excited Bloch band [16] . A Raman-π-pulse technique here transfers the atoms between different branches of the dispersion relation, and the relativistic lensing proceeds by a backwards propagation of atomic de Broglie waves on an energetically mirrored branch of the dispersion relation. In general, if we set the zero of the energy scale to the crossing, the energies of eigenstates in the first and second excited Bloch bands near the crossing is given by
where k z = q denotes the quasimomentum of atoms along the lattice beam axis, and c eff = 2 k/m.
In the following, we describe an experiment investigating the analog of Veselago lensing in a single dimension using atoms in the lattice, in the presence of an additional spatially slowly varying potential. For this experiment, we use a splitting of ∆E = 0 between the lowest two excited bands, which gives a linear dispersion relation near the crossing. We have also performed a ray-tracing simulation of a 2D Veselago lens where we realize different projections of a 2D Dirac cone by tuning of the energy gap ∆E. For the latter, we refer to [16] . In a single dimension, two rays are possible, along and oppositely directed to the z-axis respectively.
A schematic of the relevant part of the energy dispersion relation for ∆E = 0, as relevant for the 1D
Veselago lensing experiment, is depicted in Fig. 5B . We start the experiment by transferring atoms to the second excited band (red) with E > 0 by using two-photon Raman pulses which transfer atoms from |m f = 0, k z to |m f = −1, ±2 κ + k z . By this, we realize two spatially diverging atomic paths of quasirelativistic velocity ±c eff opposed and along the optical lattice beam axis respectively. The group velocity v g = ∂E/∂q = ±c eff is parallel to the corresponding wave vector along the z-axis. The situation resembles the propagation in a positive refractive index material, say n = 1. After a propagation time t p = 1.3 ms, atoms are transferred to the lower excited energy band (indicated in blue in Fig. 5B ) with E < 0 by using a short (broadband) four-photon Raman π-pulse which couples the states |m f = −1, 2 κ + k z and |m f = −1, −2 κ + k z . Wave vector and group velocity are now opposed to each other and the atomic propagation is reversed, resembling a propagation in a negative refractive index material with n = −1. The paths meet again after a further propagation time, at which an image of the initial cloud is created. We superimpose an additional, spatially slowly varying confining potential (of 70 Hz trapping frequency) to the optical lattice potential.
At the end of an experimental cycle, we detect the distribution of atoms in the m f = −1 Zeeman state by a Zeeman state selective microwave transfer pulse followed by a resonant optical pulse recording an absorption image of the atoms transferred by the microwave pulse. Fig. 6A shows 
VI. CONCLUSION
To conclude, ultracold atoms in variable optical lattice potentials can be used as a tool to observe relativistic wave equation predictions. We have considered the quantum simulation of such relativistic effects with ultracold rubidium atoms in a biharmonic optical lattice potential. The background of the presented experiments is that the dynamics of atoms in the biharmonic lattice near a crossing can be described by a one-dimensional Dirac equation. At the beginning of the experimental section of this article, we have presented a technique to diabatically load atoms into a specific Bloch state in the lattice near the crossing. We have then described two proof of principle experiments demonstrating the observation of relativistic wave equation predictions with ultracold atoms in the lattice. The analog of Klein tunneling of atoms, the penetration of a barrier without the exponential damping that is characteristic for nonrelativistic quantum tunneling, has been observed. Further, Veselago lensing for matter waves was demonstrated, an effect building upon negative refraction, where refocusing is achieved using a π-pulse technique transferring atoms into an energetically mirrored branch of the dispersion relation.
For the future, it is expected that cold atoms can be used to simulate nonlinear relativistic Dirac dynamics, as chiral confinement [24] or predictions of interacting quantum field theory [7] . Besides the use of spatially biharmonically modulated lattice potentials, as investigated in the present work, one may also use temporally modulated lattice potentials to engineer a desired quasirelativistic dispersion in the Floquet band structure of cold atoms [25, 26] .
